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FURTHER CLASSICAL FIFTH-ORDER RUNGE-KUTTA FORMULAS 

t H. A. LUTHER 

In t roduc t ion  

I n  a p rev2ousa r t i c l e  [l], t h r e e  f a m i l i e s  of c lass ical  f i f t h - o r d e r  

Runge-Kutta formulas w e r e  descr ibed,  and included t h e r e i n  w e r e  ex t ens ions  

of Radau, Lobatto,  Newton-Cotes and Legendre-Gauss quadratures .  It has  

been p o s s i b l e  t o  improve t h e  approach, so  t h a t  i n  t h i s  a r t ic le  a l l  pre- 

v i o u s  f a m i l i e s ,  as w e l l  as o the r s ,  are included i n  a s i n g l e  c l a s s  of 

formulas . 
Two examples, both of Newton-Cotes type,  and n e i t h e r  found i n  

' f a m i l i e s  of [l], are given below 7 
= yn + {7kl + 7k3 + 32k4 + 12k5 + 32k6)/90 Y*+1 

k2 = hf(xn + h ,  yn + kl) 

k3 = hf(xn + h, yn + {kl + k2ji2j 
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= h f ( x  + h /2 ,  y, -t {-12kl - 12k2 + 8k3 + 64k4]/96) 
kg n 

+ {-9k2 + 5k 4- 16k4 + 36k5j/64)* k6 = hf(xn + 3h/4, yn 3 

{7kl + 12k3 9 7k4 + 32k5 -t 32k6-/90 Yn+1 = ’n * 

Yn’ kl = hf(xn, 

k = hf(xn + h ,  y, 9 kl) 2 

= hf (x  + h/2 ,  y, + {3kl + k2 j /8 )  
k3 n 

k4 = hf (xn + h, yn + {-kl - k2 + 4k3)/2) 

k5 = hf(xn + h/4 ,  y, -t {4kl - 5k2 + 20k3 - 3k4}/64) 

= hf (xn + 3h/4, y, 9 (12k + 9k2 - 12k3 -t 7k4 -t 32k5}/64) 
kg 1 

A t h i r d  example, of four poin t  Lobatto type,  i s  given next .  I t ,  

too ,  i s  not  found i n  previous families. 

= y + (kl + k4 + 5k5 -t 5k6)/12 
YE+1 n 

kl = W X , ’  Y,’ 

k2 = hf(xn + h ,  yn i- kl) 

k3 = hf (xn + h/2,  yn + {3kl -t k2] /  
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= hf (xn + ( 5  - JT)h/lO, yn + {(25 - 7d7)kl -t (5 - 5v'7)k2 kg 

+ (20 9 4 6 ) k 3  - 24% k4//100) 

k6 = h f ( x  + (5 + dT)h/10, y, $. i ( 3  + d%)kl + (1 + J%)k2 
n 

+ (4 - 4&)k3 + 2k4 + 447 k5 j /20 ) .  

S t i l l  o t h e r  formulas of Newton-Cotes type,  a l l  using t h e  weights 

7/90, 7/90, 32/90, 32/90 and 12/90 can be found. A two parameter 

formula of t h i s  type (one no t  included i n  t h e  f a m i l i e s  of [ l ] )  has  

p rev ious ly  been discovered [3]. A presen t  l i n e  of i n v e s t i g a t i o n  is  t h e  

comparison of t h e  members of the Newton-Cotes family now known. 

S i m i l a r  remarks hold t r u e  f o r  t h e  o the r  t ypes  of quadrature  

mentioned i n  t h e  f i r s t  paragraph above. A s  an i n s t a n c e ,  w e  e x h i b i t  a 

t h r e e  parameter family of riadau type.  

be made of a class of Fadau type,  but  of i m p l i c i t  cha rac t e r  [ 4 ] . )  

( In  t h i s  connection, mention should 

kl = hf (xn, Yn) 
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k3 = hf(x + (6 + &)h/10, y + : [ ( 6  + 4z)lOo 
n n 

- 3(7 + 26)]kl + [3(? + 2v%)]k2j/(100v)$ 

k4 = hf(x + (6 - &)h/lO, y + {[(-186 + 1216)2v n n 

- (-123 + 786)]kl + [-123 + 784xlk2 + [ (168 - 734:) 4v]k ) 
3 

I :5Tv\) 

k5 = hf(x +(6 -v%)h/10, y + {[6(-1%+ 1216)pv n n 

+ 500(33 - 2 0 6 ) ~  + 9(41 - 2 6 6 ) ~  + 1125(-4 + 3v%)]kl 

+ [1125(4 - 34Z) + 9(-41 + 264Z)p]k2 + [12(168 - 73Ji;)p~ 

- 2375(9 - 4&)v]kj + [125(39 + 4&)v]k4j/(150(&v)) 

k6 = hf(xn + (6 + fi)h/10, y + ([570(6 + 6 ) X v  - 57(21 + 6&)X 

- 1900(21 + 4&)v + 4275(4 + &)]kl + [57(21 + 66)X 

- 4275(4 + &)]k2 + [475(39 - 4v%)U]k3 + [2375(9 + 4&)v 

- 60(48 + 17&)pv]k4 + [60(48 + 17fi)pv]k5}/(5700Xv)). 

n 
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The New S u f f i c i e n t  Conditions 

The d i f f e r e n t i a l  system considered i s  of course 2 = f ( x ,  y) 

toge ther  wi th  y(x ) = y 

phrased as 

The f i f t h -o rde r  Runge-Kutta formulas a r e  0 0’ 

6 
Y 

i=l 
Y*+1 = Yn + L Rfki 

s-1 
k = hf(xn + ash, yn + T L bsjkj 
S j =1 

where 2 5 s 2 6. 

The s u f f i c i e n t  condi t ions are 

(1) R2 = 0. 

(2) a2 P 0. 

2 
( 9  - I)(= - 2a. +- 8a a - loa3  a4 )  = 0. ‘-6 3 4 3 4  (G! 

1 1  
5 (5) a3(a3 - a4> (a3 - as) (a3 - a6)R3 = - - - (a4 + a5 + as> 

a a a  + - ( a 4 a 5 + a a  1 + a a ) - y  1 4 5 6  
3 5 6  6 4  

1 1  
a4(a4  - a3)(a4  - a5) (a4  - a6)R4 = - 5 - - (a3 + a 5 + as) 

a a a  + - ( a 3 a 5 + a a  1 + a a ) - ~  1 3 5 6  
3 5 6  6 3  
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1 1  
a5(a5 - a3) (a5 - a4) (a5 - a )R 6 5  5 = - - - (a3 + a4 + as) 

1 
+ a a  + a a ) - - a a a  1 

‘ 7  (a3a4 4 6 6 3 2 3 4 6 

1 1  
a6(a6 - a3)(a6  - a4) (a6  - a 5 6  )R = - 5 - - (a3 + a4 + as) 

1 1 + a a 3 3 4  4 5  5 3  + - (a a + a a ) - 2 a3a4a5. 

( 6 )  R 1 2 3 4  + R  + R  + R  + R 5 + R 6 = l .  

1 1 1 
(7) a5(a5 - a3)(a5  - a )b  4 65 6 - 20 1 2  6 3 4  R - - - - (a3 + a4)  + - a a 

1 
6 a3a6 

- -  - 1 1  1 - - -  a4(a4  - a3) (a6 - a5)b54R5 15  + 12 a6 * s a3 

1 1 
a4(a4 - a3)(a5 - a 4 ) ( b  R + b R ) = - - + - 54 5 64 6 20 12 (a3 + - 6 a3a5* 

(8) R6 { (a4  + a6 - 2a )R R b + (a5 - a 6 ) ( b  54 R 5 + b64R6)R5} + 0 if a6 # 1. 
5 4 6 6 5  

R + a b  R + a b  R - - -  (’I a3b43 4 3 53 5 3 63 6 - a4(b54R5 + b64R6) - a5b65R6 

1 
a3(a4 - a ) b  (b R + b64R6) + a3(a4 - a )b  b R = - - 60 3 43 54 5 3 53 65 6 

1 
+ 24 a4 

1 1  
a3(a4 - a ) b  R + (a6 - a ) a  b 5 43 4 5 3 63‘6 = s - a a5 

+ (a5 - a s )  (a4b64 + a5b65)R6. 

s-1  

Q=2 
(10) 1 a .b  = - a  3 5 ~ 5 6 .  

J S j  2 S ’  
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s-1 
(11) bsj = a 2 2 s 2 6. 

S ’  j =1 

Except t h a t  a may not be zero,  i t  i s  completely a parameter. 2 

a4,  a5 and a When a have been chosen i n  accordance with (3) and ( 4 ) ,  3’ 6 

R3, R4, R5, R can be found from (5 ) .  Then b R b R and (b54R5 6 65 6’ 54 5 

+ b R ) fol low from ( 7 ) .  It is known [ 2 ]  t h a t  R may not be zero 

( t h i s  i s  r e f l e c t e d  i n  (8)). 

event ,  b64 then follows. 

64 6 6 

I f  R = 0,  b54 i s  a parameter. I n  any 5 

The nega t ive  condi t ion of (8) i s  s u f f i c i e n t  t o  a l low (9) t o  be 

solved f o r  b43R4, b ri and b R From t h i s  follow permissible  va lues  53- 5 63 6‘ 

. When a = 1: t h e  equat ions of (9)  are  l i n e a r l y  dependent 
Of b43’ b53’ b63 6 

and two parameter f a m i l i e s  may be found. 

Then b32, b42, b52, b62 fol low from (10) and b31, b41, b51, b61 

from (11). The Radau family l i s t e d  v i o l a t e s  ( 3 ) .  I ts  v a l i d i t y  can be 

e s t a b l i s h e d  by d i r e c t  s u b s t i t u t i o n  i n  r e l a t i o n s  ( 5 ) ,  (7 ) ,  (8) ,  (9)  of t h e  

previous a r t i c l e  [l] . 
Der iva t ion  of t h e  Conditions 

mr 
iiir iiuiiieiiclatuie e i i i p l u y ~ d  IS that of [:I, aiid ~ i i f f i t i e i i t  toiidi-  

t i o n s  w i l l  be taken therefrom. Of t h e  r e l a t i o n s  above (l), ( 5 ) ,  ( 6 ) ,  

(10) and (11) are e s s e n t i a l l y  r e l a t i o n s  (7) ,  (9b) ,  (9a ) ,  (8), and (5) 

i n  [l] . The only v a r i a t i o n  involves (5) above, which i s  equivalent  

t o  (9b) i n  [l] i n  view of r e l a t i o n  ( 3 )  above. 

Re la t ion  (2) guarantees t h a t  (10) i s  useable .  

It remains t o  show t h a t  ( 4 ) ,  ( 7 )  and (9)  are i n  essence 

tantamount t o  r e l a t i o n s  (9c) and (9d) of [l]. For ease i n  presenta-  

t i o n ,  t h e s e  are reproduced below wi th  new numbering. 



8 

(12a) a b R + (a3b53 + 3 43 4 

(12b) a32b43R4 + (a3 2 b53 

3b R + (a3 3 b53 
(12c) a3 43 4 

2 1 + a 4 2b 54 ) R  5 + (a3 2 bb3 + a4 b64 + a52b65)R6 = 12 

3 3 + a53b65)R6 = 20 1 + a 3b ) R  + (a3 b63 + a4 b64 4 54 5 

(12e) a4a3 2b 43 R 4 + a5(a32b53 + a42b54)R5 + a6(a32b63 + a42b64 

+ a52b65)R6 = 15 1 

P 
(12f) a b b R + [a3b43b64 + (a3b53 + a4b54)b651R6 = 24 3 43 54 5 

2 1 
(12g) a32b43b54R5 + [a3 b43b64 + (a32b53 + a42b54)b651R6 = 

The f i r s t  equat ion of (9)  1s (12a).  

The t h i r d  equat ion of (9)  i s  (12d) minus a t imes (12a).  

The second equat ion of  (9 )  i s  a4 times ( 1 2 f ) ,  minus (12g). 

The f i r s t  equat ion of (7)  i s  (12d) minus a t i m e s  (12e) ,  minus 

5 

3 

a 4  t i m e s  (12b), p lus  a3a4 t i m e s  (12a).  

The t h i r d  equation of ( 7 )  i s  (a5 - a4)  t i m e s  (12b), minus a3(a5 - a4) 

t i m e s  (12a),  t oge the r  with u s e  of  t h e  f i r s t  of ( 7 ) .  

The second equation of ( 7 )  i s  a t i m e s  (12b),  minus a3a6 t i m e s  (12a),  6 

minus (12e) p l u s  a3 t i m e s  (12d). 

F i n a l l y ,  r e l a t i o n  (4) i s  a consequence of (12g) minus a t i m e s  3 

(12f), t oge the r  with t h e  f i r s t  two equat ions of ( 7 )  and t h e  t h i r d  of ( 5 ) .  

The requirement (3) guarantees equivalence.  Requirement (8) i s  

added t o  guarantee s o l u t i o n  of (9) f o r  b43, b53, b6j. 
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